It is shown that the F4 rational and trigonometric integrable systems are exactly-solvable for arbitrary values of the coupling constants. Their spectra are found explicitly while eigenfunctions are obtained by pure algebraic means. For both systems new variables are introduced in which the Hamiltonian has an algebraic form being also (block)-triangular. These variables are a certain invariants of the F4 Weyl group. Both Hamiltonians preserve the same (minimal) flag of spaces of polynomials, which is found explicitly.
Introduction
The F 4 rational and trigonometric models (see e.g. [1] ) belong to a family of the Hamiltonian systems originally found in the Hamiltonian reduction method introduced in the late seventies by Olshanetsky and Perelomov [2] . Their structure is related to the root systems of the F 4 algebra. There exist both classical and quantum F 4 systems and they are completely integrable.
In general, the Olshanetsky-Perelomov Hamiltonians possess different symmetries (permutations, translation-invariance, reflections, periodicity etc.). The idea of our approach is to code all these symmetries in new coordinates and hence study operators which can be called 'premature' and which give rise to these Hamiltonians. It was formulated for the first time in [3] , where A n rational and trigonometric models (or, in other words, Calogero and Sutherland models) were studied. Later this approach was developed for G 2 rational and trigonometric models [4] . It is almost evident that above-mentioned variables are nothing but a certain Weyl-invariant functions with an extra property of periodicity in trigonometric case. We will show that taking for F 4 quantum Hamiltonians suitable invariants of the F 4 Weyl group as the variables we arrive at the rational and trigonometric Hamiltonians in an algebraic form, when the coefficient functions in front of derivatives are polynomials. This property uncovers a hidden algebra of both models and explains the exact solvability of the F 4 quantum systems. Mostly, present Talk is based on the article [1] . The results presented below appeared as a conclusion of about five years of the intense study of the F 4 quantum systems.
F 4 -Rational model
The F 4 -rational model describes a quantum particle in four-dimensional space with a Hamiltonian given by
The form of the interactions is dictated by the set of positive simple roots of the F 4 algebra. This model contains two independent coupling constants, g and g 1 , each of them associated with roots of different lengths, and ω is the frequency of the harmonic oscillator term. The configuration space coincides to the F 4 Weyl chamber. Now we describe the procedure of solving the spectral problem H (r) F4 ψ = Eψ (see [1] ).
1. At first let us remind the known form of the ground state eigenfunction
, and
A general feature of the quantum rational Hamiltonians stemming from the Hamiltonian reduction method is that all eigenfunctions admit a factorization in a form of the ground state eigenfunction Ψ 0 multiplied by a polynomial in Cartesian coordinates. Exploiting it we gauge away the ground state, h
3. In order to try to find an algebraic form of the gauge rotated Hamiltonian (3) we make a change of variables
where the new variables t i , i = 1, 3, 4, 6 are the Weyl invariant polynomials with respect to the F 4 group of the lowest degrees (in our notations, the indices i = 1, 3, 4, 6 correspond to the degrees 2, 6, 8, 12).
The appropriate set of variables in which the problem takes an algebraic form is
where σ n = σ n (x 2 ) are the elementary symmetric polynomials in variables x 2 i , i = 1, 2, 3, 4. In these variables the Hamiltonian becomes a second order differential operator
with polynomial coefficients A ij (= A ji ), B i in variables t 1,3,4,6 of degrees ≤ 3. Therefore, the operator h
F4 is in the algebraic form we were looking for. Explicitly, the coefficients are
It is easy to check that the Hamiltonian h
F4 has infinitely-many finitedimensional invariant subspaces in agreement with general formula given in [2] . The spectrum does not depend on the coupling constants g, g 1 (except for the reference point of the energy), it is equidistant and it coincides with the 4-dimensional harmonic oscillator spectrum but with different degeneracy, n = p 1 + 3p 2 + 4p 3 + 6p 4 . Since h (r) F4 preserves the flag the calculation of eigenfunctions is a linear-algebra procedure. It is important to make the following remark. Let us define a general flag of spaces of polynomials made out of
with the characteristic vector f = (1, α 3 , α 4 , α 6 ). It can be easily checked that the same operator written in different variables can preserve different flags. Among these flags it can exist some minimal flag. We call the flag minimal if the α's are minimal. Now we proceed to search of the minimal flag if exists.
It is evident that the Weyl-invariant polynomials of fixed degrees t 1,3,4,6 are defined ambiguously, up to invariants of lower degrees
where A, B, C are arbitrary numbers. Exploiting this ambiguity we were able to find many different algebraic forms for the F 4 -rational Hamiltonian h (1, 6, 6, 9 ) (1, 6, 7, 10) (1, 2, 3, 4) (1, 4, 4, 6) (1, 5, 5, 9) (1, 6, 6, 10) (1, 7, 7, 11) (1, 2, 3, 5) (1, 4, 4, 7) (1, 5, 7, 9) (1, 6, 6, 11) . . .
By comparison of the characteristic vectors it is easy to see that the minimal flag exists and is characterized by the vector (1, 2, 2, 3 ). This result is in variance with one obtained in [5] where it was stated that the minimal vector is (1, 2, 3, 5). We were able to 'trigonometrize' the variables leading to the minimal flag, getting them as a rational limit of a certain trigonometric Weyl-invariant functions for those the F 4 trigonometric Hamiltonian appears in an algebraic form (see below). It seems that this feature holds for other models.
F 4 -Trigonometric model
The Hamiltonian of the F 4 trigonometric model describes a four-dimensional quantum system in a periodic potential in all four directions. It is given by
where the parameter 1/β has meaning of the period, g, g 1 are the coupling constants associated with roots of different length. Configuration space of the problem coincides with the F 4 Weyl alcove.
The corresponding ground state eigenfunction is given by
where g = ν(ν − 1)/2 , g 1 = µ(µ − 1), and
are trigonometric analogues of the Weyl determinants. In order to solve the spectral problem we again gauge away the ground state and define the gauge-rotated Hamiltonian
Now we search for a change of variables
in which the gauge-rotated Hamiltonian h
F4 may take an algebraic form. Similarly to what was done for the rational case we look for the Weyl-invariant functions with an extra property of periodicity in each x-direction. The solution we found [1] is surprisingly easy and is given by Since we know the flag of invariant subspaces, we can calculate eigenfunctions by linear algebra means. It is worth mentioning that in [7] it was found nonminimal flag (1, 2, 3, 4).
